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Motivation: bilayer graphene

Geim–Novoselov ’04

Cao et al ’18, Yankovitz et al ’18: superconductivity at θ ' 1.08◦

Predicted by Bistritzer–MacDonald ’11



The chiral model of TBG

H(α) :=

(
0 D(α)∗

D(α) 0

)
, D(α) :=

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
,

z = x1 + ix2, Dz̄ := 1
2i (∂x1 + i∂x2)

U(z) :=
2∑

k=0

ωke
1
2

(zω̄k−z̄ωk ), ω := e2πi/3.

U(z + 4
3πiω

`) = ω̄U(z), U(ωz) = ωU(z), ` = 1, 2.

Derived from the full Bistritzer–MacDonald ’11 Hamiltonian

Mathematical derivation:
Cancès–Garrigue–Gontier, Watson–Kong–MacDonald–Luskin ’22



The operator of today

D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
on C/Γ, Dz̄ = 1

2i (∂x1 + i∂x2)

U(z + γ) = U(z), γ ∈ Γ, a (very specific) lattice
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The operator of today

D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
on C/Γ, Dz̄ = 1

2i (∂x1 + i∂x2)

U(z + γ) = U(z), γ ∈ Γ, a (very specific) lattice

Seeley 85: P(α) = e ixDx +αe ix , x ∈ S1, Spec(P(α)) = C, α ∈ Z.



The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/Γ∗

A flat band at 0 energy means that SpecL2(C/Γ)(D(α)) = C



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)
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Flat bands

The bands are eigenvalues of Hk(α) on L2
0(C/Γ), k ∈ C/3Γ∗:

Theorem (BHZ ’22; implicit in BEWZ ’20)

∃ k /∈ 3Γ∗ + {0,−i} E1(α, k) = 0 =⇒ ∀ k E1(α, k) = 0.


H0_phys_chiral_grid.mp4
Media File (video/mp4)



A curious structure of the first band

k 7→ E1(α, k)/(max
k

E1(α, k)), 0.4 < α < 0.6

Rescaled plots remain almost fixed at k 7−→ |U(−4
√

3πik/9)|
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Symmetries play a crucial role!

D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
, H(α) =

(
0 D∗

D 0

)

Lau = diag(ωa1+a2 , 1, ωa1+a2 , 1)u(z + 4
3 iπ(ωa1 + ω2a2)), a ∈ Z2

3,

C ku(z) = diag(1, 1, ω̄k , ω̄k)u(ωkz), k ∈ Z3

LaH = HLa, CH = HC , C La = LMaC , M =

(
0 −1
1 −1

)
.

Decompose into irreducible representions of this Heisenberg group:

L2(C/Γ) =
⊕

k,p∈Z3

L2
ρk,p

(C/Γ;C2)⊕L2
ρ(1,0)

(C/Γ;C2)⊕L2
ρ(2,0)

(C/Γ;C2)

ρk,p ←→ La ≡ ωk(a1+a2), C ≡ ω̄p



Symmetry protected states

kerL2(C/Γ) H(0) = C4, Γ = 4iπ(ωa1 + ω2a2)

e1 ∈ L2
ρ1,0
, e2 ∈ L2

ρ0,0
, e3 ∈ L2

ρ1,1
, e4 ∈ L2

ρ0,1
.

H(α) = −W H(α)W ∗, W :=

(
1 0
0 −1

)
, W C = C W , LaW = W La

This implies that the spectrum of H(α)|L2
ρk,`

(C/Γ) is even

dim kerL2(C/Γ)(H(α)) ≥ 4, dim kerL2(C/Γ)(D(α)) ≥ 2



Spectral characterization of flat bands

Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
: H1

0 (C/Γ)→ L2
0(C/Γ),

L2
0(C/Γ) := {u ∈ L2(C/Γ) : Lau = u, a ∈ 1

3 Γ/Γ}.

Bands: {Ej(α, k)}j∈Z\{0} = SpecL2
0
Hk(α), E±1(α, 0) = E±1(α,−i) = 0.

Flat band at 0 ⇐⇒ SpecL2
0(C/Γ)(D(α)) = C

Theorem (BEWZ ’20) There exists a discrete set A ⊂ C such that

SpecL2
0(C/Γ) D(α) =

{
3Γ∗ + {0,−i} α /∈ A
C α ∈ A,



Exponential squeezing of bands

Theorem. (BEWZ ’20) There exist cj > 0 such that for all k ∈ C,

|Ej(α, k)| ≤ c0e
−c1α, j ≤ c2α, α > 0.

In practice, c1 = 1 and c2 can be taken arbitrarily large

Consequence of general results about quasimodes for semiclassical
(h = 1/α) non-normal operators:
Hörmander ’69 ({q, q̄} 6= 0), Sato–Kawai–Kashiwara ’73 ...
Dencker–Sjöstrand–Z ’04



SpecL2(C/Γ) D(α) =

{
Γ∗ α /∈ A
C α ∈ A,

flat band at α ⇐⇒ SpecL2(C/Γ) D(α) = C ⇐⇒ 1/α ∈ Spec(Tk)

We did not prove that A ∩ R+ 6= ∅. However, A 6= ∅ BEWZ ’21:∑
α∈A

α−4 = trT 4
k =

72π√
3
, combinatorics + ℘ function

Luskin–Watson ’21: |A ∩ (0.583, 0.589)| ≥ 1



SpecL2(C/Γ) D(α) =

{
Γ∗ α /∈ A
C α ∈ A,

Theorem (BHZ ’22) For all p > 1∑
α∈A

α−2p ∈ π√
3
Q and as a consequence |A| =∞.

σp := 1
18 trT 2p

k , Fk(α) := det
2

(I − α2T 2
k )

Theorem (BHZ ’22) The largest real eigenvalue of Tk, 1/α∗, is
simple and α∗ ∈ (0.583, 0.589).



Spectral characterization allows accurate computation of more α’s:

Tarnopolsky et al ’19 observed that αk − αk−1 ' 3
2 (0 < k ≤ 8)

Ren–Gao–MacDonald–Niu ’20 “exact” WKB:

αk − αk−1 ' 1.47 ???



Works for general potentials with Z2
3 o Z3 symmetries

Uθ(z) :=
2∑

k=0

ωk(cos2 θe
1
2

(z̄ωk−zω̄k ) + sin2 θe z̄ω
k−zω̄k

)
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Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!
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Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3

e
i
2

(z k̄+z̄k)fk(z) = e2π(ζ−ζ̄)k/
√

3 θ1(ζ + k|ω)

θ1(ζ|ω)
, z = 4

3πiωζ

Similar argument in Dubrovin–Novikov ’80

Theorem (BHZ ’22) α ∈ A simple ⇒ zS is the only zero of u.



New direction: in-plane magnetic field

Kwan et al ’20, Qin–MacDonald ’21:

DB(α) := D(α) + B, B :=

(
B 0
0 −B

)
, B = B0e

2πiθ.

How do the Dirac points move as α and θ change?

Theorem (BZ ’23) If α ∈ A is simple (+ one more condition) and
0 < B � 1 then then there are no flat bands and for α ∼ α Dirac
points (eigenvalues of DB(α)) are close to the Γ point.


B01.mp4
Media File (video/mp4)



New direction: in-plane magnetic field

Kwan et al ’20, Qin–MacDonald ’21:

DB(α) := D(α) + B, B :=

(
B 0
0 −B

)
, B = B0e

2πiθ.

How do the Dirac points move as α and θ change?

Theorem (BZ ’23) If α ∈ A is simple (+ one more condition) and
0 < B � 1 then then there are no flat bands and for α ∼ α Dirac
points (eigenvalues of DB(α)) are close to the Γ point.



New direction: in-plane magnetic field

Kwan et al ’20, Qin–MacDonald ’21:

DB(α) := D(α) + B, B :=

(
B 0
0 −B

)
, B = B0e

2πiθ.

Theorem (BZ ’23) If α ∈ A ∩ R is simple and 0 < B0 � 1 then

R` \
⋃

k 6=K ,K

D(k, ε) ⊂
⋃

α−δ<α<α+δ

SpecL2
0
(Dω`B(α)) ⊂ R`,

R` := ω`(2π(iR + Z) ∪ 2π√
3

(R + iZ)) ` = 1 in the figure
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Fine structure of u ∈ kerH1
0
D(α) (dim kerH1

0
D(α) = 1, α /∈ A)
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Countour plots of z 7→ log |u(α, z)|

A contour plot of |{q, q̄}|, q = (2ζ̄)2 − U(z)U(−z)

Numerically, |u(α, z)| ≤ e−c0α near the set where |{q, q̄}| = 0 !
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Fine structure of eigenfunctions

Numerically, |u(α, z)| ≤ e−c0α near the set where |{q, q̄}| = 0 !

Theorem (HZ ’22) Any point on an open edge of the hexagon has
an open neighbourhood Ω ⊂ R2 such that

|u(α, z)| ≤ e−cΩα, z ∈ Ω, cΩ > 0.



Theorem (HZ ’22) Any point on the open edges of the hexagon
has an open neighbourhood Ω ⊂ R2 such that

|u(α, z)| ≤ e−cΩ/h, z ∈ Ω, cΩ > 0, h = α−1

Reduction to the principally scalar case: q = (2ζ̄)2 − U(z)U(−z):(
2hDz̄ U(z)

αU(−z) 2hDz̄

)
u = 0 =⇒ ((2hDz̄)2−U(z)U(−z) +hR)u = 0

This allows an adaptation of (to some, v esoteric) hypoellipticity
methods of Kashiwara, Sjöstrand, Trepreau, Himonas... (the 80’s):

{q, q̄}|π−1(z0)∩q−1(0) = 0, {q, {q, q̄}|π−1(z0)∩q−1(0) 6= 0

implies the conclusion of the theorem for Ω = neighC(z0).

At the corners, it is trickier and does not fit into existing theories.
Near the center of the hexagon q is not of principal type.



Another numerical observation (BHZ): Curvature

C/3Γ∗ 3 k→ uk ∈ L2
0(C/Γ) s holomorphic (Ledwith et al ’21) and

defines a natural line bundle

Chern connection: η := ∂k log ‖uk‖2 = ‖uk‖−2〈∂kuk, uk〉dk

Curvature: Ω = dη = ∂̄k∂k log ‖uk‖2 = H(k)d k̄ ∧ dk, H(k) ≥ 0.

Chern class: c1 = i
2π

∫
C/3Γ∗ Ω = −1



Another numerical observation (BHZ): Curvature

C/3Γ∗ 3 k→ uk ∈ L2
0(C/Γ) s holomorphic (Ledwith et al ’21) and

defines a natural line bundle

Chern connection: η := ∂k log ‖uk‖2 = ‖uk‖−2〈∂kuk, uk〉dk

Curvature: Ω = dη = ∂̄k∂k log ‖uk‖2 = H(k)d k̄ ∧ dk, H(k) ≥ 0.

Chern class: c1 = i
2π

∫
C/3Γ∗ Ω = −1



Many mathematical open problems

I Multiplicity issues; a stronger generic simplicity statement

I The fixed “shape” of the first band; what is a heuristic
explanation?

I Significance and explanation of the curvature “peak” at k = i

I Asymptotics of α ∈ A∩R+; in particular ∆α ' 3
2 ? Help from

Hitrik–Sjöstrand ’04... ’?



Thanks for your attention!


