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Motivation: bilayer graphene

Geim—Novoselov '04

Cao et al '18, Yankovitz et al '18: superconductivity at 6 ~ 1.08°
Predicted by Bistritzer—-MacDonald '11



The chiral model of TBG

H@ = (poy 257 0@ = (00 ).
z=x1+ixo, Dz:=2(0x + i)

Z) _ § :wk L(zak—zwk ’ W= 627”/3.

U(z + %TI'I'LUL/) =wU(z), U(wz)=wl(z), {=1,2.

Derived from the full Bistritzer—MacDonald '11 Hamiltonian

Mathematical derivation:
Cances—Garrigue—Gontier, Watson—Kong—MacDonald—Luskin-'22



The operator of today

o1 (307 ") i 01— 300

U(z+ ) =U(z), ~ €T, a(very specific) lattice
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The operator of today
B 2Ds al(z) 1 .
D(a) = (aU(—z) 2D, ) on C/T, Dz = 5(0x + i0x)

U(z+7v)=U(z), ~eT, a/(very specific) lattice

Seeley 85: P(a) = XDy + ae™, x € St, Spec(P(a)) =C, a € Z.



The operator of today

Bands: eigenvalues of Hy(«a) := (D(a(; K D(O% B > keC/T*

A flat band at O energy means that Spec;>c/ry(D(a)) = C



A simpler example first: Dy := %OX

Specior)(Dx) =R, Speci2(r/ox7)(Dx) = Z

Lz(R) = Lz(R/Z? LZ(R/27TZ))7 Dx|L2(R) = @ (Dx_k)‘LQ(]R/ZfrZ)
keR/Z

u(x) = U(x, k) =Y e 2™0mmEy(x — m), Deu e (Dy — k)U
meZ

SpeCL2(R)( U SPeCL2(R/2nZ)(D — k)
keR/Z

Spectraof D, -konR/2 w Zas k varies Rotated Spectrum of D, on R
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Flat bands
The bands are eigenvalues of Hy(c) on L3(C/T), k € C/3I*:

Theorem (BHZ '22; implicit in BEWZ '20)
Jk ¢ 3 +40,—i} Ei(a,k) =0 = Vk Ei(a,k) =0.



H0_phys_chiral_grid.mp4
Media File (video/mp4)


A curious structure of the first band

k = Ei(«, k)/(ml?x Ei(o,k)), 04<a<0.6

Rescaled plots remain almost fixed at k —— |U(—4+/37ik/9)|
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Symmetries play a crucial role!

o 2D2 aU(z) i 0 D*
D(e) = <aU(—z) 2D; > Ha) = (D o)
Zuu = diag(w™ 2, 1,02 1)u(z + §in(way +w?a)), a € Z3,

€ u(z) = diag(1,1, &%, @ )u(w*z), ke Zs3

LH=H%L,, €H=HE, €2 =Lus?, M:<(1) j)

Decompose into irreducible representions of this Heisenberg group:

Lc/m= @ L, (c/rcel  (C/rcHal, (C/C?)
k,pEZ3

Pkp — L= whlarta) @ = gp



Symmetry protected states
kerj2(c/ry H(0) = C* T =4in(wa +w?ay)

e4€L2

eZEL po,1°

6161_ e3€L

1,0’ £0,07 pP1,17

H(a) = =W H(«)W™, W = ((1) _01> HWE =CW, LW =W L

This implies that the spectrum of H(« )|/_2 ,(C/T) is even

dim kerLZ(C/r)(H(Oé)) Z 4, dim kerLZ(C/r)(D(Oé)) 2 2



Spectral characterization of flat bands

O R RS A R L B CT!

L3(C/r):={uec®(C/T): Luu=u, ac 3/

Bands: {Ej(a, k)}jEZ\{O} = Spec,_(z) Hk(a), Eil(a,O) == Eil(oz, —i) =0.

Flat band at 0 <— Spech(C/r)(D(a)) =C

Theorem (BEWZ '20) There exists a discrete set A C C such that

3r*+40,—-i} ad¢A
Specyz(c/ry D(@) = { C 0.7} o i A



Exponential squeezing of bands

Theorem. (BEWZ '20) There exist ¢j > 0 such that for all k € C,

B0, k)] < e, j< a, a>0,

In practice, c; = 1 and ¢ can be taken arbitrarily large

Consequence of general results about quasimodes for semiclassical
(h=1/a) non-normal operators:

Hormander '69 ({q, g} # 0), Sato—Kawai—Kashiwara '73 ...
Dencker-Siostrand—Z '04



" a¢A
Spec2(c/ry D(a) = { C a i 1

flat band at @ <= Spec;2¢/ry D(a) = C <= 1/a € Spec(Tx)

We did not prove that ANR, # (). However, A # () BEWZ '21:

72
Z at=tr Tf _ e combinatorics + g function

acA \/§

Luskin-Watson '21: |.A N (0.583,0.589)| > 1



" a¢A
Spec;2(c/ry D(e) = { C a i A

Theorem (BHZ '22) For all p > 1

Z a %P ¢ l@ and as a consequence |A| = oc.
acA \/§

Op =15 tr T2, Fa) = dzet(l —a?T?)

Theorem (BHZ '22) The largest real eigenvalue of Ty, 1/a, is
simple and o, € (0.583,0.589).



Spectral characterization allows accurate computation of more a's:

Tarnopolsky et al '19 observed that o — a1 =~ % (0< k<8)

Ren—Gao—MacDonald—Niu '20 “exact” WKB:

ap — 1~ 1.47 777



Works for general potentials with Z% X Z3 symmetries

2
U@(z) = Z Wk(COS2 He%(zwkfz‘z’k) 4 sin2 Heiwk—zw
k=0

k

)
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Flat bands from theta functions

Tarnopolsky et al '19: consider u € L%LO(C/F; C?), D(a)u=0

uk(z) == eé(ZRij)fk(z)u(z), Z— e%(ZHZk)fk(z) periodic, O0zfx =0
(D(a) — k)uk(z) =0
Problem: fi with these properties will have poles

Solution: Look for a's at which u has a zero!

log [u(a, 2)| for a = 0.58600
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Flat bands from theta functions

19- : 2 .2 _

Tarnopolsky et al "19: consider u € Ly (C/I;C%), D(a)u =0

ue(z) = e2 @6 (2)u(z), z s e2FFIL (2) periodic, s = 0
(D(a) = kJu(z) =0

Problem: # with these properties will have poles

Solution: Look for a's at which u has a zero!
u(a,zs) =0, a€ A, zs= #w, zs =wzs mod /3
ed () g () G2n(c—-0k/va0i(C + Klw)

01(Clw)

Similar argument in Dubrovin—Novikov '80

4 .
z = 37w

Theorem (BHZ '22) o € A simple = zs is the only zero of u.



New direction: in-plane magnetic field

Kwan et al 20, Qin—MacDonald '21:

B 0

DB(CV) = D(CV) + B, B = (O _B> , B= Boe27ri9_

How do the Dirac points move as « and € change?

Theorem (BZ '23) If « € A is simple (+ one more condition) and
0 < B < 1 then then there are no flat bands and for o ~ « Dirac
points (eigenvalues of Dg(«)) are close to the I point.
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New direction: in-plane magnetic field

Kwan et al '20, Qin—MacDonald '21:

Dg(a) :==D(a) + B, B:= <’(B) _%) . B= Boe27”9,

How do the Dirac points move as o and € change?

Theorem (BZ '23) If a € A is simple (+ one more condition) and
0 < B < 1 then then there are no flat bands and for o ~ a Dirac
points (eigenvalues of Dg(«)) are close to the I point.



New direction: in-plane magnetic field
Kwan et al '20, Qin—MacDonald '21:

Dg(a) := D(a)+ B, B:= (g —OB> B = By

Theorem (BZ '23) If « € ANR is simple and 0 < By < 1 then

PR \ U D(k,e) C U SPeCLg(DwéB(a)) C S,
k£K K a—6<a<a+s

Ry = ' 2n(iR + Z) U %(R +iZ)) £=1 in the figure
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Fine structure of u € keryy D(a) (dim ker 1 D(a) =1, a¢A)

log [u(a, z)| for o = 0.58600
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Countour plots of z — log |u(a, z)|

A contour plot of |{q,3}|, g = (20)?> — U(2)U(-2z2)

Numerically, |u(a, z)| < e79% near the set where [{g,g}| =0 !
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Fine structure of eigenfunctions

Numerically, |u(a, z)| < e79% near the set where [{q,g}| =0 !

Theorem (HZ '22) Any point on an open edge of the hexagon has
an open neighbourhood Q C R? such that

lu(a,z)| < e ze€Q, cq>0.



Theorem (HZ '22) Any point on the open edges of the hexagon
has an open neighbourhood Q C R? such that

lu(e, z)| < e /P 7€Q, >0, h=at

Reduction to the principally scalar case: g = (2()? — U(z)U(—2z):

( 2nD;  U(2)

al(-z) 2th> u=0 = ((2hD5)* - U(2)U(~2)+hR)u =0

This allows an adaptation of (to some, v esoteric) hypoellipticity
methods of Kashiwara, Sjostrand, Trepreau, Himonas... (the 80’s):

{9, @Hr1z)ng-100) = 0, {a0:{9, G} r1(z)ng-1(0) # O
implies the conclusion of the theorem for Q = neigh(zp).

At the corners, it is trickier and does not fit into existing theories.
Near the center of the hexagon g is not of principal type.



Another numerical observation (BHZ): Curvature

C/3r* > k — uy € L3(C/T) s holomorphic (Ledwith et al '21) and
defines a natural line bundle

Chern connection: 7 := Oy log ||ux||? = ||luk||~2(kux, uk) dk
Curvature: Q = dn = 9,0y log ||u||? = H(k)dk A dk, H(k) > 0.

Chern class: ¢ = i f(C/3F* Q=-1



Another numerical observation (BHZ): Curvature

C/3r* > k — uy € L3(C/T) s holomorphic (Ledwith et al '21) and
defines a natural line bundle

Chern connection: 7 := Oy log ||ux||? = |luk||~2(kux, uk) dk
Curvature: Q = dn = 9,0 log ||u||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = i f(C/3r* Q=-1



Many mathematical open problems

P> Multiplicity issues; a stronger generic simplicity statement

> The fixed “shape” of the first band; what is a heuristic
explanation?

» Significance and explanation of the curvature “peak” at k =i

» Asymptotics of « € ANR,; in particular Aa =~ %? Help from
Hitrik—Sjostrand '04... '7?7



Thanks for your attention!



