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Discontinuous Petrov-Galerkin FEM

Given PDE in some weak form

b(x , • ) = F in Y

with exact solution x 2 X , the dPG FEM minimizes

kb(⇠h, • )� FkY ⇤
h

amongst all ⇠h in some subspace Xh ⇢ X and with Yh ⇢ Y .

Equivalent mixed system [Cohen-Dahmen-Welper 12] seeks
(xh, yh) 2 Xh ⇥ Yh with

hyh, ⌘hiY + b(xh, ⌘h) = F (⌘h) for all ⌘h 2 Yh

b(⇠h, yh) = 0 for all ⇠h 2 Xh

(M)
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Discontinuous Petrov-Galerkin FEM

Equivalence for all ⇠h 2 Xh (inexact solve) and for some Fortin operator
P : Y ! Y is built-in a posteriori error control

kx � ⇠hkX ⇡ kb(⇠h, • )� FkY ⇤
h| {z }

error estimator

+ kF � (1� P)kY ⇤
| {z }
data approximation

[C-Demkowicz-Gopalakrishnan SINUM 14]
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Lowest-order Primal dPG

First-order system for Poisson model problem

f +div p = 0 and p = ru in ⌦ for p 2 H(div,⌦) and u 2 H
1

0 (⌦).

Primal dPG FEM utilizes b(u, t; v) = aNC (u, v)� ht, vi@T and
F (v) = (f , v)L2(⌦) for (u, t) 2 X and v 2 Y with

Xh = S
1

0 (T )⇥ P0(E) ⇢ X = H
1

0 (⌦)⇥ H
�1/2(@T )

Yh = P1(T ) ⇢ Y = H
1(T )

kF � (1� P)kY ⇤ is not h.o.t. as in examples of
[C-Demkowicz-Gopalakrishnan 14], but hT f [C-Hellwig SINUM 16]. This
motivates error estimator

⌘2(K ) = kv1k2H1(K)
+ h

2

k
kf k2

L2(K)
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Natural Adaptive Algorithm

Input: T0, 0 < ✓ < 1
for any level ` = 0, 1, 2, . . . do

Solve (M) on T` with solution (u`, t`, v`).
Compute error estimator ⌘`(T ) = (kv`k2H1(T )

+ h
2

T
kf k2

L2(T )
)1/2 and

⌘2` =
P

T2T` ⌘
2

` (T )
Mark subset M` ✓ T` of (almost) minimal cardinality |M`| with

✓ ⌘2` 
X

T2M`

⌘2` (T )

Compute smallest regular refinement T`+1 of T` with M` ✓ T` \ T`+1

by NVB od

Output: Sequence (u`, t`, v`)`2N0
, (⌘`)`2N0

, and (T`)`2N0

Carsten Carstensen (HU Berlin) dPG 4.9.2018 7 / 49



Numerical Example: Convex Energy Minimization

⌦ ⇢ Rn polyhedral Lipschitz domain
� 2 C

2(0,1) with 0 < �1  �(t)  �2
and 0 < �1  �(t) + t�0(t)  �2
�(A) = �(|A|)A, A 2 Rn

0 2 4 6 8
0

1

2

3

4

�
(
t
)

2 + (1 + t)�2 2� (1 + t
2)�1

Nonlinear model problem seeks u 2 H
1

0
(⌦) with

Z

⌦

�(ru) ·rv dx =

Z

⌦

fv dx =: F (v) for all v 2 H
1

0 (⌦).

Reduced formulation seeks (uh, vh) 2 S
1

0
(T )⇥ CR

1

0
(T ) and

a(vh,wCR) + (�(ruh),rNCwCR)L2(⌦) = F (wCR)

(rwC ,D�(ruh)rNCvh)L2(⌦) = 0
(R)

for all wCR 2 CR
1

0
(T ) and wC 2 S

1

0
(T )
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L-Shaped Domain

⌦ = (�1, 1)2 \ [0, 1)2, u|@⌦ ⌘ 0, f ⌘ 1, ✓ = 0.3

10
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0
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1
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1

1

0.4

ndof

(kv`k2
H1(T )

+ kh`f k2
L2(⌦)

)
1/2

p
E(u`)� E(u)

krNCv`kL1(⌦)

�2

1
/((1 + C

2

F
) Lip(D�))

[C-Bringmann-Hellwig-Wriggers 17 Nonlinear dPG arXiv:1710.00529]
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Reduction of (M) to (R)
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Reduction in Primal dPG

Theorem [C-Bringmann-Hellwig-Wriggers 17]

If (uC , t0; v1) 2 Xh ⇥ Yh solves (M), then v1 2 CR
1

0
(T ) and

(uC , v1) 2 S
1

0
(T )⇥ CR

1

0
(T ) solves

aNC (vCR + uC ,wCR) + (vCR ,wCR)L2(⌦) = (f ,wCR)L2(⌦)

aNC (wC , vCR) = 0 for all (wCR ,wC ) 2 CR
1

0 (T )⇥ S
1

0 (T )
(R)

Conversely, for any solution (uC , vCR) to this, there exists a unique
t0 2 P0(E) such that (uC , t0; vCR) solves (M).
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Reduction in Primal dPG

Proof. (M) for primal dPG seeks (uC , t0; v1) 2 S
1

0
(T )⇥ P0(E)⇥ P1(T )

with

(v1,w1)L2(⌦) + aNC (v1 + uC ,w1)� ht0,w1i@T = (f ,w1)L2(⌦)

aNC (wC , v1)� hs0, v1i@T = 0

tested with w1 2 P1(T ), (wC , s0) 2 S
1

0
(T )⇥ P0(E). Since

CR
1

0
(T ) = {w1 2 P1(T ) | hs0,w1i@T = 0 for all s0 2 P0(E)}, this is the

reduced system.

Conversely, the unique solution (uC , vCR) to (R) defines
⇤ = aNC (vCR + uC , • )� F 2 P1(T )⇤ with CR

1

0
(T ) ⇢ ker⇤. This leads to

t0 2 P0(E) with ht0, • i@T = ⇤ 2 P1(T )⇤.
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Reduced Problem

For (local) orthogonal projection Q : L2(⌦) ! L
2(⌦) and global parameter

0  ↵  1, consider solution (vCR , uC ) 2 CR
1

0
(T )⇥ S

1

0
(T ) to

aNC (vCR + uC ,wCR) + ↵(QvCR ,wCR)L2(⌦) = (f ,QwCR)L2(⌦)

aNC (wC , vCR) = 0 for all (wCR ,wC ) 2 CR
1

0 (T )⇥ S
1

0 (T )
(R)

Q ↵
Primal dPG id 1
Dual dPG ⇧0 1
Primal Mixed dPG id 1/2
Ultraweak dPG id 1/2

Nonconforming id 0
Mixed ⇧0 0
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Properties of Q

For each T 2
S

T, QT : L2(T ) ! L
2(T ) orthogonal projection and

QT : L2(⌦) ! L
2(⌦) with

(QT v)|T := QT v := QT (v |T ) a.e. in T 2 T for all v 2 L
2(⌦)

Properties for Q := QT , bQ := QbT with bQQ = Q = Q bQ

For K 2 T , bT (K ) := {T 2 bT : T ⇢ K} and bwCR 2 CR
1(bT (K )),

k(QbT � QT )bwCRkL2(K)  CdP |K |1/n|||bwCR |||NC(K)

(Qv , (1� bQ)w)L2(K) = 0

( bQ � Q)v = 0 a.e. in int
�[

(T \ bT )
�

Carsten Carstensen (HU Berlin) dPG 4.9.2018 14 / 49



Reduction in Ultraweak dPG

The ultraweak dPG utilizes

X := L
2(⌦;Rn)⇥ L

2(⌦)⇥ H
�1/2(@T )⇥ H

1/2(@T )

Xh := P0(T ;Rn)⇥ P0(T ;Rn)⇥ P0(E)⇥ S
1

0 (E) ⇢ X

Y := H(div,⌦)⇥ H
1(T )

Yh := RT
NC (T )⇥ P1(T ) ⇢ Y

and bilinear form

b(r ,w , t, s; q, v) := (r , q)L2(⌦) + (r ,rNCv)L2(⌦) + (w , divNC q)L2(⌦)

� hq · ⌫, si@T � ht, vi@T
F (q, v) := (f , v)L2(⌦) for (r ,w , t, s) 2 X and (q, v) 2 Y
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Reduction in Ultraweak dPG

Theorem

(a) If (r0,w0, t0, sC ; q1, v1) 2 Xh ⇥ Yh solves (M), then v1 2 CR
1

0
(T ) and

(uC , 2v1) 2 S
1

0
(T )⇥ CR

1

0
(T ) with uC |@T = sC solves (R)

(b) If (uC , vCR) solves (R), then there exist unique

(r0,w0, t0, q1) 2 P0(T ;Rn)⇥ P0(T ;Rn)⇥ P0(E)⇥ RT
NC (T ) s.t.

(r0,w0, t0, uC |@T ; q1, vCR) solves (M)

(a) The second equation of (M) reads

(⌧0, q1 +rNCv1)L2(⌦) + (u0, divNC q1)L2(⌦) � hq1 · ⌫,wC i@T � hs0, v1i@T = 0

for any (⌧0, u0, s0,wC ) 2 P0(T ;Rn)⇥ P0(T ;Rn)⇥ P0(E)⇥ S
1

0
(E). Hence

v1 2 CR
1

0
(T ) , divNC q1 = 0, and q1 +rNCv1 = 0. An integration by

parts shows aNC (v1,wC ) = 0 for any wC 2 S
1

0
(T )
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Reduction in Ultraweak dPG

Given any wCR 2 CR
1

0
(T ), test the first equation of (M) and integrate by

parts with uC 2 S
1

0
(T ),

(f ,wCR)L2(⌦) = (r0,�rNCwCR +rNCwCR)L2(⌦) + (rwCR ,ruC )L2(⌦)

� (⇧0q1,rwCR)L2(⌦) + (v1,wCR)L2(⌦) + (rv1,rwCR)L2(⌦)

= aNC (wCR , uC ) + (2v1,wCR)L2(⌦)/2 + (r(2v1),rwCR)L2(⌦)

(b) The choice q1 = �rNCvCR/2 and (R) imply the second equation
of (M). As for primal dPG, there exists unique t0 2 P0(E) with
ht0, • i@T = aNC (uC , • ) + ah(vCR , • )/2� F in P1(T ). Choose
r0 = rNCvCR/2 +ruC , w0 = ⇧0uC to deduce first equation of (M)
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Alternative Error Control
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Axioms of Adaptivity at a Glance

Optimal convergence rates for AFEM with estimator ⌘(T ,T ) for
T 2 T 2 T and distance function �(T , bT ) for refinement T̂ of T s.t.
9⇢2<1, ⇤k<1 s.t. 8T 2 T 8T̂ 2 T (T ) 9R ⇢ T s.t. T \ T̂ ✓ R and
|R| . |T \ T̂ |

|⌘(T̂ , T \ T̂ )� ⌘(T , T \ T̂ )|  ⇤1�(T , T̂ ) (A1)

⌘(T̂ , T̂ \ T )  ⇢2⌘(T , T \ T̂ ) + ⇤2�(T , T̂ ) (A2)

�2(T , T̂ )  ⇤3⌘
2(T ,R) + b⇤3⌘

2(T̂ ) (A3)

1X

k=`

�2(Tk , Tk+1)  ⇤4⌘
2

` for all ` 2 N0 (A4)

and Tk , ⌘k := ⌘(Tk , Tk) of AFEM
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Alternative Error Estimator

For K 2 T and solution (vCR , uC ) to (R), define

⌘2(K ) = |K |2/nkf � ↵QvCRk2L2(K)
+ |K |1/n

X

E2E(K)

k[rNCvCR ]Ek2L2(E)

Distance function for solutions (vCR , uC ) to (R) and (bvCR , buC ) to (R̂) on bT

�2(T , bT ) := |||bvCR � vCR |||2NC + ↵k bQbvCR � QvCRk2L2(⌦)

Theorem (Global reliability)

The solution (vCR , uC ) 2 CR
1

0
(T )⇥ S

1

0
(T ) to (R) satisfies

C
�1

rel
|||vCR |||2NC


X

E2E
|E |1/(n�1)k[rNCvCR ]Ek2L2(E)

 ⌘2(T )
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Stability (A1) and Reduction (A2)
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Proof of (A1)

Theorem (Stability)
��b⌘(T \ bT )� ⌘(T \ bT )

��  ⇤1�(T , bT )

Proof. ⌘(T \ bT ) (resp. b⌘(T \ bT )) is Euclidean norm of vector in Rm,
m := (n + 2)|T \ bT |, with entries |T |1/(2n)k[rNCvCR ]EkL2(E) and

khT (f � ↵QvCR)kL2(T ) for any T 2 T \ bT and E 2 E(T ). The reverse
triangle inequality in Rm proves

|⌘(T \ bT )� b⌘(T \ bT )|2


X

T2T \bT

⇣
|T |1/n

X

E2E(T )

(k[rNCvCR ]EkL2(E) � k[rNC bvCR ]EkL2(E))
2

+ (khT (f � ↵QvCR)kL2(T ) � khbT (f � ↵ bQbvCR)kL2(T ))
2

⌘
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Proof of (A1)

The reverse triangle inequality in L
2(T ) and hT  h0 a.e. on T 2 T \ bT

imply

|khT (f � ↵QvCR)kL2(T ) � khT (f � ↵ bQbvCR)kL2(T )|

 ↵1/2
h0kQvCR � bQbvCRkL2(T )

Trace inequality for e := rNCvCR �rNC bvCR 2 P0(bT ;Rn) shows

|k[rNCvCR ]EkL2(E) � k[rNC bvCR ]EkL2(E)|  k[e]EkL2(E)

. |T |�1/(2n)kekL2(b!E )

The sum over all T in T \ bT concludes the proof
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Proof of (A2)

Theorem (Reduction) b⌘(bT \ T )� 2�1/(2n)⌘(T \ bT )  ⇤2�(T , bT )

Proof. Any K 2 T \ bT , bT 2 bT (K ) satisfy | bT |  |K |/2. Any bE 2 bE( bT )
with bE * @K satisfies [rNCvCR ] bE ⌘ 0. Young’s inequality shows

b⌘2(bT (K )) 
X

bT2bT (K)

⇣
(1 + 1/�)| bT |2/n↵k bQbvCR � QvCRk2

L2( bT )

+ (1 + �)2�2/nkhbT (f � ↵QvCR)k2
L2( bT )

+ | bT |1/n(1 + 1/�)
X

bE2bE( bT )

k[rNC bvCR �rNCvCR ] bEk
2

L2( bE)

+ |K |1/n2�1/n(1 + �)
X

bE2bE( bT )

k[rNCvCR ] bEk
2

L2( bE)

⌘
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Proof of (A2)

The same arguments as before show

X

K2T \bT

X

bT2bT (K)

| bT |1/n
X

bE2bE( bT )

k[rNC bvCR �rNCvCR ] bEk
2

L2( bE)


X

K2T \bT

X

bT2bT (K)

X

bE2bE( bT )

krNC bvCR �rNCvCRk2L2(b!E )

. krNC bvCR �rNCvCRkL2(⌦)

The combination of the aforementioned estimates with optimal � > 0
concludes the proof
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(A1)-(A2) & Dörfler Marking Imply (A12)

Theorem (estimator reduction in AFEM)

There exist 0  %12 < 1 and ⇤12 < 1 such that for any

1� ✓(1� %2
2
) < %12 < 1, (A1)-(A2) & Dörfler marking with bulk

parameter 0 < ✓  1 imply

⌘2`+1
 %12 ⌘

2

` + ⇤12 �
2(T`+1, T`) (A12)

Proof. Let � > 0 satisfy 1� ✓(1� %2
2
) = %12/(1 + �). (A1) leads to

⌘2(T`+1, T`+1 \ T`) 
�
⌘(T`, T` \ T`+1) + ⇤1�(T`+1, T`)

�2

 (1 + �)⌘2(T`, T` \ T`+1) + (1 + 1/�)⇤2

1�
2(T`+1, T`)
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Proof of (A12)

The same argument with (A2) leads to

⌘2(T`+1, T`+1\T`)  %22(1 + �)⌘2(T`, T`\T`+1) + (1 + 1/�)⇤2

2�
2(T`+1, T`)

Combine the previous estimates with the decomposition

⌘2`+1
= ⌘2(T`+1, T`+1 \ T`) + ⌘2(T`+1, T`+1\T`)

 (1 + �)
�
⌘2(T`, T` \ T`+1) + %22⌘

2(T`, T`\T`+1)
�

| {z }
(⇤):=⌘2`�(1�%2

2
)⌘2(T`,T`\T`+1)

+⇤12�
2(T`+1, T`)

The Dörfler marking guarantees ✓⌘2`  ⌘2(T`, T`\T`+1) and so

(⇤) 
�
1� ✓(1� %22)

�
⌘2` = %12⌘

2

` /(1 + �)
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Plain Convergence
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Convergence ⌘k ! 0 as k ! 1 from AFEM

Theorem (plain convergence)

(A12) and (A4) imply that ⇤ := (1 + ⇤12⇤4)/(1� %12) < 1 satisfies

1X

k=`

⌘2
k
 ⇤⌘2` for all ` 2 N0

Proof. Write �2
k,k+1

⌘ �2(Tk , Tk+1) and recall (A12)

⌘2
k+1

 %12⌘2k + ⇤12�2k,k+1
and deduce

`+mX

k=`

⌘2
k


`+m+1X

k=`

⌘2
k
 ⌘2` + %12

`+mX

k=`

⌘2
k
+ ⇤12

`+mX

k=`

�2
k,k+1

Utilize %12 < 1 and (A4) for the last sum to prove

(1� %12)
`+mX

k=`

⌘2
k
 (1 + ⇤12⇤4) ⌘

2

`
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R-Linear Convergence on Each Level

Theorem

(A12), (A4) and ⇤ from plain convergence lead to q := 1� 1/⇤ < 1 with

⌘2`+m
 q

m⇤ ⌘2` for all `, m 2 N0

Proof. Rewrite plain convergence theorem as

�2

` :=
1X

k=`

⌘2
k
 ⇤ ⌘2`

Then

⇤�1�2

` + �2

`+1
 ⌘2` +

1X

k=`+1

⌘2
k
= �2

`

This is �2

`+1
 q�2

` , and successively, �2

`+m
 q

m�2

` for all m 2 N0.
Consequently

�2

`+m
 q

m�2

`  q
m⇤⌘2`
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Proof of (A4)

For all ` 2 N0, output Tk , ⌘k := ⌘(Tk , Tk) of AFEM satisfies

1X

k=`

�2(Tk , Tk+1)  ⇤4⌘
2

`
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Proof of (A4)

Theorem (Quasi-Orthogonality) 8" > 0 9� > 0 8↵h0  � 9⇤4

8`,m 2 N0

`+mX

k=`

�2(Tk , Tk+1)  ⇤4⌘
2

` + "
`+mX

k=`

⌘2(Tk) (A4")

Proof. Step 1. For solution (vk , uk) to (R) on Tk , Qk := QTk , etc., define

Ek := �1

2
(f ,Qkvk)L2(⌦)

Then algebra on (R) w.r.t. Tk and Tk+1 shows for nonconforming
interpolation INC(k)

1

2
�2
k,k+1

+ Ek � Ek+1 = (f � ↵Qkvk ,Qk+1vk+1 � Qk INC(k)vk+1)L2(⌦)
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Proof of (A4)

Step 2. General properties of Qk and Qk+1, ⌦k := int(
S
(Tk \ Tk+1)) plus

standard estimates for INC (with explicit constants NC and CdP in
[C-Hellwig 17]) imply

1

4
�2
k,k+1

+ Ek � Ek+1  2
NC

khk(Qk+1f � ↵Qkvk)k2L2(⌦k )

+ CdPkhk(Qk+1 � Qk)f kL2(⌦)|||vk+1|||NC

Step 3. For all 0 < �  2,

khk(Qk+1f � ↵Qkvk)k2L2(⌦k )
/4  (1 + �)khk(Qk+1f � ↵Qkvk)k2L2(⌦)

+ (1 + ��1)h20↵
2kQk+1vk+1 � Qkvkk2L2(⌦)

� khk+1Qk+1(f � ↵vk+1)k2L2(⌦)

Proof is based on 2h2
k+1

 h
2

k
a.e. in ⌦k = int(

S
(Tk \ Tk+1)) with triangle

and Young inequalities
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Proof of (A4)

Step 4. The combination of Steps 2 and 3 and their sum with
orthogonalities of Q and Young’s inequality lead for 0  �  1 to

1

4

`+mX

k=`

�2
k,k+1

 E`+m+1 � E` + 42
NC

kh`Q`(f � ↵v`)k2L2(⌦)

+ �
`+m+1X

k=`+1

|||vk |||2NC/2 + 42
NC

�
`+mX

k=`

khkQk(f � ↵vk)k2L2(⌦)

+ (42
NC

(1 + �) + C
2

dP
/(2�))

`+mX

k=`

khk(Qk+1 � Qk)f k2L2(⌦)

+ 42
NC

(1 + ��1)h20↵
2

`+mX

k=`

kQk+1vk+1 � Qkvkk2L2(⌦)
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Proof of (A4)

Step 5. Corollary on global reliability and orthogonality of Qk implies

C
�1

rel
|||vk |||2NC

+ khkQk(f � ↵vk)k2L2(⌦)
+ khk(f � Qk f )k2L2(⌦)

 ⌘2
k

Step 6. Let " := 4max{�Crel, 82NC�} and 42
NC

(1 + ��1)h2
0
↵2  1/8,

1

8

`+mX

k=`

�2
k,k+1

 |||v`|||2NC
/2 + 42

NC
kh`Q`(f � ↵v`)k2L2(⌦)

+
"

8

`+mX

k=`

⌘2
k

� 42
NC

�
`+mX

k=`

khk(f � Qk f )k2L2(⌦)

+ (42
NC

(1 + �) + C
2

dP
/(2�))

`+mX

k=`

khk(Qk+1 � Qk)f k2L2(⌦)

Step 7. Pythagoras theorem implies that the last sum . ⌘2`
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(A12)+(A4") for Small " ) (A4)

Theorem

(A1)-(A2) and (A4") for 0 < " < (1� %12)/⇤12 imply (A4)

Proof. (A12) implies

`+mX

k=`

⌘2
k
 ⌘2` + %12

`+mX

k=`

⌘2
k
+ ⇤12

`+mX

k=`

�(Tk , Tk+1)

(A4") proves

(1� %12 � ⇤12")
`+mX

k=`

⌘2
k
 (1 + ⇤12⇤4("))⌘

2

`

This plus (A4") conclude the proof
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(A1)-(A4) imply optimal
convergence rates
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Outline of Optimality Analysis I

(A12) Estimator reduction ⌘2`+1
 ⇢12⌘2` + ⇤12�2`,`+1

Convergence from

1X

k=`

⌘2
k
 ⇤⌘2` and then

`�1X

k=0

⌘�1/s
k

. ⌘�1/s
`

Quasimonotonicity ⌘2(T̂ )  ⇤7⌘2(T )

Comparison Lemma: Given T`, 0 <  < 1,

M := sup
N2N0

(1 + N)s min
T 2T(N)

⌘(T )

there exist T̂` and 0 < ✓0 < 1 s.t.

(a) ⌘(T̂`)  ⌘(T`)
(b) ⌘`|T` \ T̂`|s . M

(c) ✓0⌘2`  ⌘2` (T` \ T̂`)
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Outline of Optimality Analysis II

T` \ T̂` satisfies the bulk criterion for ✓  ✓0 by (c). This implies

|M?
` |  |T` \ T̂`|

with the optimal set M?
` of marked cells in AFEM. The utilized set

M` of marked cells is almost minimal: 90 < ⇤opt < 18` 2 N0,

|M`|  ⇤opt|M?
` |  ⇤opt|T` \ T̂`|

Recall M := supN2N0
(1 + N)sminT 2T(N) ⌘(T ) and from (b) deduce

|T` \ T̂`| .
✓

M

⌘`

◆1/s

⇡ M
1/s⌘�1/s

`

Recall closure overhead control and combine with aforementioned
estimates for

|T`|� |T0|  CBDV

`�1X

j=0

|Mj | . M
1/s

`�1X

j=0

⌘�1/s
j

. M
1/s⌘�1/s

`
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Proof of (A3)
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Proof of (A3)

Theorem (Discrete reliability) �2(T , bT )  ⇤3

�
⌘2(R) + ↵h2

0
b⌘2
�

Proof. Recall general notation T , bT 2 T (T ), Q = QT , bQ = QbT , etc.
Step 1. Minor generalization of [C-Gallistl-Schedensack SINUM 13]
provides v⇤

CR
2 CR

1

0
( bT ) with vCR = INCv

⇤
CR

and |||vCR � v
⇤
CR

|||NC . ⌘(R)

for R := {K 2 T : 9T 2 T \ bT , dist(K ,T ) = 0}
Step 2. Algebra with (R) and (R̂) leads to

�2(T , bT ) = aNC (vCR � v
⇤
CR

, vCR � bvCR)

+ (f � ↵QvCR , bQ(bvCR � v
⇤
CR

) + Q(vCR � INC bvCR))L2(⌦)

+ aNC (buC , v⇤CR) + ↵(QvCR � bQbvCR ,QvCR � bQv
⇤
CR

)L2(⌦)
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Proof of (A3)

Step 3. aNC (vCR , buC ) . ⌘(R)|||buC � uC |||
The proof utilizes Scott-Zhang quasi-interpolation, piecewise integration
by parts and trace inequality

Step 4. with (R) and (R̂), error estimates of the non-conforming
interpolation INC and Step 3 imply |||buC � uC ||| . � + ⌘(R)

Step 5. aNC (buC , v⇤CR) . ⌘(R)(� + ⌘(R))

The proof combines properties of Q and bQ, the nonconforming
interpolation INC and triangle inequalities with the steps 3 and 4
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Proof of (A3)

Step 6 utilizes orthogonalities, involves v⇤
CR

of Step 1 and proves

↵(( bQ � Q)bvCR , ( bQ � Q)vCR)L2(⌦)

= ↵(( bQ � Q)bvCR , ( bQ � Q)(vCR � bvCR))L2(⌦) + ↵k( bQ � Q)bvCRk2L2(⌦)

 ↵(1 + C
2

dP
h
2

0)k( bQ � Q)bvCRk2L2(⌦)

+ C
�2

dP
kh�1

T ( bQ � Q)(bvCR � vCR)k2L2(⌦)
/4

 |||bvCR � vCR |||2NC
/4 + ↵(1 + C

2

dP
h
2

0)C
2

dP
h
2

0|||bvCR |||2NC

Step 7. The combination with �2(T , bT ) in Step 2 conclude the proof.
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Numerical Examples
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L-Shaped Domain with Adaptive Refinement by ⌘

⌦ = (�1, 1)2 \ [0, 1)2, u|@⌦ ⌘ 0, f ⌘ 1, ✓ = 0.3
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kv`kH1(T )
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L-Shaped Domain with Adaptive Refinement by ⌘

⌦ = (�1, 1)2 \ [0, 1)2, u|@⌦ ⌘ 0, f ⌘ 1, ✓ = 0.3

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

triangulation for ` = 7
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Conclusion
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Conclusion

Convergence of natural adaptive dPG FEM possibly not understood

Optimal rates are observed but not at all justified theoretically

Reduction of mixed system for dPG methods

Alternative refinement indicators lead to optimal convergence rates
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Thank you for your attention!

Further reading:
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