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Discontinuous Petrov-Galerkin FEM

Given PDE in some weak form

b(x,e)=F inY

with exact solution x € X, the dPG FEM minimizes

16(Shs *) — F

i

amongst all £, in some subspace X, C X and with Y, C Y.

Carsten Carstensen (HU Berlin) dPG

4.9.2018

4/

49



Discontinuous Petrov-Galerkin FEM

Given PDE in some weak form

b(x,e)=F inY

with exact solution x € X, the dPG FEM minimizes

16(Shs *) — F

Yy
amongst all £, in some subspace X, C X and with Y, C Y.

Equivalent mixed system [Cohen-Dahmen-Welper 12] seeks
(Xh, Yh) € Xn X Yp with

(Yn:mn)y + b(xn,nn) = F(nn) for all n, € Yy,
b(&m, yn) =0 for all &, € X,
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Discontinuous Petrov-Galerkin FEM

Equivalence for all &, € X}, (inexact solve) and for some Fortin operator
P .Y — Y is built-in a posteriori error control

Ix = &nllx ~ 16(En, o) = Fllv; +][F o (1= Py~

error estimator data approximation

[C-Demkowicz-Gopalakrishnan SINUM 14]
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Lowest-order Primal dPG

First-order system for Poisson model problem
f+divp=0 and p=Vu inQ for p € H(div, Q) and u € H}(Q).

Primal dPG FEM utilizes b(u, t; v) = anc(u, v) — (t, v)s7 and
F(v) = (f,v)12(q) for (u,t) € X and v € Y with

X, = S3(T) x Po(E) © X = H(Q) x HY2(8T)
Yy =Pi(T)C Y =HYT)
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Lowest-order Primal dPG

First-order system for Poisson model problem
f+divp=0 and p=Vu inQ for p € H(div, Q) and u € H}(Q).

Primal dPG FEM utilizes b(u, t; v) = anc(u, v) — (t, v)s7 and
F(v) = (f,v)12(q) for (u,t) € X and v € Y with

X, = S3(T) x Po(E) © X = H(Q) x HY2(8T)
Yy =Pi(T)C Y =HYT)

||F o (1 — P)||y~ is not h.o.t. as in examples of
[C-Demkowicz-Gopalakrishnan 14], but hyf [C-Hellwig SINUM 16]. This
motivates error estimator

7’ (K) = HVlHifl(K) + hin”%Q(K)
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Natural Adaptive Algorithm

Input: 75, 0<0<1
for anylevel =0,1,2,... do
Solve (M) on 7; with solution (uy, t¢, v¢).
Compute error estimator 7,(T) = (||Vg\|?_,1(.r) + h2THf||%2(T))1/2 and
77(% = ZTE’T@ 77?(7—)
Mark subset M, C 7T; of (almost) minimal cardinality | M| with

ong < > m(T)

TeM,

Compute smallest regular refinement 7y41 of Ty with M, C Ty \ Ty41
by NVB  od

Output: Sequence (uy, ty, ve)reny, (M¢)eeny, and (Te)een,
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Numerical Example: Convex Energy Minimization

4 I I I
Q C R” polyhedral Lipschitz domain ~ 3K :
¢ C(0,00) with0< 11 <g(t) <72 T 2|
and 0 < v1 < @(t) + t¢'(t) < 2 1 =
o(A) = H(JA))A, A € R ol 1

0O 2 4 6 8
24+ (1+1t)2 2—(1+ )71
Nonlinear model problem seeks u € H}(2) with

/U(Vu)-Vvdx:/ frdx =: F(v) forall v e H(Q).
Q Q

Reduced formulation seeks (up, vy) € SH(T) x CRY(T) and
a(vh, wer) + (0(Vun), Vnewer)2(q) = F(wcr)
(Vwe, Da(Vun)Vincva)2iq) =0
for all wer € CR3(T) and we € S3(T)
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L-Shaped Domain

Q=(-1,1)2\[0,1)2, ulpa=0, f=1, =03

TTTTTTT T T T TTTTTT
10! | B +(||VZ||$.,1(T) + ”héf”é(g))l/z
g 1] vV E(ue) — E(u)
100 | Nl IVncvellis ()
1 R+ @Lin(Do))
101 E
10—2 E E
1072 ¢ E
10_4 L Y Y BB il |
10! 102 103 104 10° 106

ndof

[C-Bringmann-Hellwig-Wriggers 17 Nonlinear dPG arXiv:1710.00529]
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Reduction of (M) to (R)
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Reduction in Primal dPG

Theorem [C-Bringmann-Hellwig-Wriggers 17]

If (uc, to; v1) € Xp x Yy solves (M), then v; € CR}(T) and
(uc,v1) € S3(T) x CR}(T) solves

anc(ver + uc, wer) + (ver, wer)i2() = (f, wer)12(q)
aNc(WC, VCR) =0 for all (WCR7 Wc) € CR&(T) X 5(}(7-)

(R)

Conversely, for any solution (uc, vcr) to this, there exists a unique
to € Po(€) such that (uc, to; vcr) solves (M).
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Reduction in Primal dPG

Proof. (M) for primal dPG seeks (uc, to; vi) € SE(T) x Po(E) x P1(T)
with
(vi,wi)2q) + anc(vi + uc, wi) — (to, wi)ar = (f, w1)2(q)
anc(we, v1) = (so, vi)oT = 0
tested with wy € P1(T), (wc,s0) € SH(T) x Po(€). Since

CR&(T) = {W1 € Pl(T) | <507 W1>a7’ =0 for all s € Po(g)}, this is the
reduced system.

Conversely, the unique solution (uc, vcr) to (R) defines
A= anc(ver + uc, ®) — F € Pi(T)* with CR}(T) C ker A. This leads to
to € Po(E) with (to, ®)o7 =N € P1(T)*. L]
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Reduced Problem

For (local) orthogonal projection Q : L?(Q2) — L?(Q2) and global parameter

0 < a < 1, consider solution (vcg, uc) € CRI(T) x SH(T) to

anc(ver + uc, wer) + a(Qver, wer) 2() = (f, Qwcer) 12(q)

aNc(Wc, VCR) =0 for all (WCR, Wc) S CR&(T) X 5&(7-)

Carsten Carstensen (HU Berlin)

Q| «
Primal dPG id |1
Dual dPG Mg | 1
Primal Mixed dPG | id | 1/2
Ultraweak dPG id | 1/2
Nonconforming id |0
Mixed Mo | O
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Properties of @
Foreach T € T, Qr : L2(T) — L?(T) orthogonal projection and
Qr : L2(Q) — L2(Q) with

(Qrv)|T = Qrv = Qr(v|7) ae. in T € T for all v € L%(Q)

Properties for Q := Qr, Q := Q7 with QR =Q=QQ
For Ke T, T(K):={T €T :TcCK}and weg € CRYT(K)),
1(Qz — QF)Werlliz(ky < Cap | KIY " lWcrllnc)
(Qv,(1- @)W)B(K) =0
(Q—Q)v=0ae. in int (U(Tﬂ ?))
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Reduction in Ultraweak dPG

The ultraweak dPG utilizes
X == [2(Q;R") x L2(Q) x HY2(0T) x HY?(0T)
Xp := Po(T;R") x Po(T;R") x Po(€) x S3(£) € X
Y := H(div, Q) x HY(T)
Yy = RTNY(T)x Pi(T) C Y

and bilinear form

b(r,w,t,s;q,v) = (r,q) @) + (r; Vncv)iz) + (w,divne 9)2(q)

—{q-v;s)or — (t,v)or
F(q,v) = (f,v)2(q) for (r,w,t,s) € X and (q,v) € Y

Carsten Carstensen (HU Berlin) dPG 4.9.2018
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Reduction in Ultraweak dPG

Theorem

(a) If (ro, wo, to, Sc; G1,v1) € Xp X Yi solves (M), then vi € CRY(T) and
(uc,2v1) € S3(T) x CRY(T) with uc|oT = sc solves (R)

(b) If (uc, vcr) solves (R), then there exist unique

(ro, wo, to, q1) € Po(T;R") x Po(T;R") x Po(E) x RTNC(T) s.t.

(ro, wo, to, uclaT; g1, vcr) solves (M)

(a) The second equation of (M) reads
(70, g1 + Vinevi)i2(e) + (uo, divive q1)12(0) — (a1 - v, we)ar — (S0, vi)oT =0
for any (7o, to, So, wc) € Po(T;R™) x Po(T;R™) x Py(E) x SE(E). Hence

vi € CRY(T) , divnc g1 =0, and g1 + Vncvi = 0. An integration by
parts shows anc(vi, we) = 0 for any we € SH(T)
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Reduction in Ultraweak dPG

Given any wcr € CRE(T), test the first equation of (M) and integrate by
parts with uc € S}(T),

(f,wer)i2(q) = (ro, =Vnewcer + Vinewer)i2(q) + (Vwer, Vuc) 2(q)
— (Mog1, Vwer)2(q) + (vi, wer) i2(q) + (Vvi, VWer) 12(q)
= anc(wer, uc) + (2w, WCR)L2(Q)/2 + (V(2wn1), VWCR)LQ(Q)
(b) The choice g1 = —Vncver/2 and (R) imply the second equation
of (M). As for primal dPG, there exists unique ty € Py(E) with

<t0, 0>a7— = aNC(Uc, ') + ah(vCR, ')/2 —Fin Pl(T). Choose
r0 = Vncver/2 4+ Vue, wy = Mouc to deduce first equation of (M) O
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Alternative Error Control
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Axioms of Adaptivity at a Glance

Optimal convergence rates for AFEM with estimator n(7, T) for

T € T €T and distance function 6(7T,T) for refinement 7 of T s.t.
Ip2<1, Ae<oo s.t. ¥T € T¥T € T(T) IR C T st. T\T C R and
RIS TAT

(T TOT) = 0(T, TNT) < AT, T) (A1)
n(T,T\NT) < pon(T, T\T)+ Nad(T, T (A2)
ST, T) < Nsi(T, R) + Asn*(T) (A3)
Z (Tk, Trg1) < Aami - for all £ € Np (A4)
k=
and Ty, nk := n(Tk, Tx) of AFEM
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Alternative Error Estimator

For K € T and solution (vcg, uc) to (R), define

P (K) = [KPPNIf = aQuerlliapy + 1KY DY IIVncverlellze

Ee&(K)

Distance function for solutions (vcr, uc) to (R) and (Ver, ic) to (R) on

(T, T) = [Ver — verllie + oIl QVcr — Querll?>(q)

Theorem (Global reliability)

The solution (vcr, uc) € CRY(T) x S}(T) to (R) satisfies

Crotllverllve < Z |E|/ = I)H[VN(TVCR]EHLZ(E <n*(T)
Ee&

~

7
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Stability (A1) and Reduction (A2)
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Proof of (Al)

Theorem (Stability) (T N T)—n(T N 7A’)} < ANo(T, T)
Proof. (7 NT) (resp. H(T NT)) is Euclidean norm of vector in R™,

A~

m:= (n+2)|T NT|, with entries |T|1/(2")||[VNCVCR]EH,_z(E) and

A7 (f — aQvcr)|l2(T) forany T € TN T and E € £(T). The reverse
triangle inequality in R™ proves

(T NT) =T NT)P

< 3 (1T Y (iVacverlellige) — IV ncTerlellze)?
TeTnT Ee&(T)

+ (b7 (f — aQucr)llz(r) — lIAz(F = Q@VCR)||L2(T))2>
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Proof of (Al)

The reverse triangle inequality in L2(T) and hy < hg a.e. on T € T N T
imply

17 (f = aQver)l2(ry = b7 (f — aQVcr)l2()]

< o'2ho||Qver — QUcrlliz(m)
Trace inequality for e := Vncver — VineVer € Po(’7A'; R") shows

IV ncverlellzey — IV ncVerlell eyl < lllelell 2k
SITIPYC el 12y

The sum over all T in 7 N7 concludes the proof O
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Proof of (A2)

Theorem (Reduction) ﬁ(%\ T) —27YC@0p(T \ ?) < N4(T, 7A-)

Proof. Any K € T\T. T € T(K) satisfy |T| < |K|/2. Any E € &(T)
with E ¢ 9K satisfies [Vncver]g = 0. Young's inequality shows

RTK) < Y (@+1/NITP 0 QUcr — Querllzy 7,
TeT(K)
—2/n 2

+(1+A)2 / Hh?(f - aQVCR)HLz(-T-)

+ |T’1/n(]_ = 1/)\) Z ”[VNC?CR = VNCvCR]EHiz(E
Ec&(T)

1/nn—1/n 2
+ K271 40) Y Vacverlgliag)

Ec&(T)

)
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Proof of (A2)

The same arguments as before show

>Ny Ty II[VNCVCR—VNCVCR]EHfz(,g)

KeT\T TeT(K) E€&(T)

< Z Z Z ”VNCVCR—VNCVCR||%2(@E)

KeT\T TeT(K) E€E(T)

S IVnecVer = Vinever|lizio)

The combination of the aforementioned estimates with optimal A > 0
concludes the proof

]
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(A1)-(A2) & Dorfler Marking Imply (A12)

Theorem (estimator reduction in AFEM)

There exist 0 < p12 < 1 and A1p < oo such that for any
1—0(1 - 03) < 12 < 1, (A1)-(A2) & Dérfler marking with bulk
parameter 0 < 6 <1 imply

Ny < 01275 + M2 6%(Togr, To) (A12)

v

Proof. Let \ > 0 satisfy 1 — 0(1 — 02) = p12/(1 + A). (Al) leads to

P(Tes1, Tepr 0 T2) < (0(Te, Te 0 Tosn) + Ao (T, T2))
< (1 +N)72(Te, Te N Tew) + (L4 1/ A)A36%(Tes, To)
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Proof of (A12)

The same argument with (A2) leads to
1 (Te1, Tera\Te) < 05(1+ N0 (Te, T\ Ter) + (L + 1/ NA36%(Teva, Te)
Combine the previous estimates with the decomposition

n21 =12 (Tes1, Tes1 NV Te) + 12 (Tes1, Ter1\To)
<@+ N (AT, Te 0 Togn) + 0303 (To, T\Te41)) +M26%(Tegr, Te)

():=n2—(1=3)n?(Te, T\ Te11)

The Dorfler marking guarantees 017 < n?(7¢, T¢\Tr+1) and so

(*) < (1—0(1—03)) m; = o12m; /(1 + ) O
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Plain Convergence
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Convergence nx — 0 as k — oo from AFEM

Theorem (plain convergence)

(A12) and (A4) imply that \ := (1 + A12A4)/(1 — p12) < oo satisfies

oo
Zni < An? forall £ € Ny
k=¢

Proof. Write 67 .1 = 0°(Tk, Tks1) and recall (A12)
M1 < 0121 + A120% ., and deduce

l+m l+m—+1 l+m l+m

< > mi<mAend mtM Y i
k=t k=t k=( k=(

Utilize p12 < 1 and (A4) for the last sum to prove
{+m
(1 - 912) Z ni < (]. + /\12/\4) 77% ]
k=¢
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R-Linear Convergence on Each Level

Theorem
(A12), (A4) and N from plain convergence lead to q :=1—1/\ < 1 with

Nosm < q"An; for all £, m € Ng

Proof. Rewrite plain convergence theorem as

[o.¢]
=Y M <An;

k=t
Then
oo
12, 2 2 2 _ 2
Noj+oi <mp + Z Nk = 0¢
k=(+1

This is 07, ; < qo7, and successively, 07, < q™o7 for all m € No.
Consequently
2
Otrm < q"0f < q"Nij; O
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Proof of (A4)

For all ¢ € Ny, output Tk, nk := n(Tk, Tx) of AFEM satisfies

> 0%(Th, Thrr) < Aarg}

k=/¢
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Proof of (A4)

Theorem (Quasi-Orthogonality) Ve > 0 3§ > 0 Vahy < § I\,
V0, m e Ny

l+m L+m
S 0(Th, Tar) < Mg+ > n2(Tx) (A4.)
k=t k=¢

Proof. Step 1. For solution (v, uk) to (R) on i, Qx := Q7;, etc., define

1
Ex = _E(f’ QkVk) 2(Q)

Then algebra on (R) w.r.t. 7x and Tx41 shows for nonconforming
interpolation /yc(x)

1
Eéikﬂ + Ek — Ekt1 = (f — aQuvi, Qui1vi+1 — Qilnc(n) Vk+1)12(0)
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Proof of (A4)

Step 2. General properties of Qx and Qx11, Qk := int(J(Tk \ Tk+1)) plus
standard estimates for /yc (with explicit constants kyc and Cyp in
[C-Hellwig 17]) imply
152 + Ex — Exi1 < w3cllhi(Quar f — aQuvi)|I?
4 k,k+1 k k+1 = ~PNCITR\ Y k+1 kVk L2()
+ Capllhk( Qi1 — Qi) fll 2y vt llve

Step 3. Forall 0 < A <2,

[ A(Qugrf — anVk)H%Z(Qk)/‘L < (14 A)|[he(Qrgr f — OszVk)Hfz(Q)
+ (1 + A YR30 Quyavisr — QkaH%z(Q)
— [ Akt1 Qusa(f — OéVk+1)H%2(Q)

Proof is based on 2h% ., < h7 a.e. in Q = int(U(Tx \ Tks1)) with triangle
and Young inequalities
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Proof of (A4)

Step 4. The combination of Steps 2 and 3 and their sum with
orthogonalities of @ and Young's inequality lead for 0 < § <1 to

l+m
1
7 Z %kt < Eevmyr — Eo+ 4riyc | heQo(f — aVé)H%z(Q)
k=t
{+m+1 l+m
+6 > Ivillve/2+ 4siicA Y 1 Qu(f — avid) 72
k=l+1 k=t
l+m
+ (4rc(1+A) + Cip/(26)) Z [ Ak(Qr+1 — Qk)ﬂﬁ?(ﬂ)
P
l+m
+arRc(L+ A Y [|Qrravirs — QuvillZz (g
k=t
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Proof of (A4)
Step 5. Corollary on global reliability and orthogonality of Qy implies
Coa Iviclloe + 1 Qi (F — avid)l[2(qy + 1 k(F — QiF)lIZ2(q) < ni

Step 6. Let € := 4 max{§Crel, 8k3 A} and 4k3, (1 + A71)h3a? < 1/8,

l+m l+m
1 €
3 D Sksrr < lvellfc/2 + 4xiucllheQ(f — ave) |72y + 3 >
k=t k={
{+m
— 4 A D Ik (F = Q)12
k={
{+m
+ (4ruc(L+A) + Cip/(20) Y 1k Qe — Q)12
k=¢
Step 7. Pythagoras theorem implies that the last sum < nf O
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(A12)+(A4.) for Small ¢ = (A4)

Theorem
(A1)-(A2) and (A4.) for 0 < e < (1 — p12)/N12 imply (A4)

Proof. (A12) implies

l+m {+m l+m
Z nz < g + o1 Z % + A1 Z (Tks Tkt1)
k=t k=0 k=0

(A4.) proves

{+m

(1— 012 — M2g) D mf < (1+ Mooy
k=

(35

This plus (A4.) conclude the proof
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(A1)-(A4) imply optimal
convergence rates
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Outline of Optimality Analysis |

(A12) Estimator reduction 77, < p1on; + /\1252“1

Convergence from

o) -1
Z ne < An? and then Zn,:l/s S 77;1/5
k=t k=0

Quasimonotonicity  172(7) < Azn?(T)

Comparison Lemma: Given Ty, 0 < k < 1,

M := sup (1 4+ N)° min n(T
Nego( ) TET(N) (7)

(a) n(Te) < rn(Te)
there exist 7; and 0 < 0p < 1st.  (b) k| To \ Tl <M
(c) Oon? < nZ(Te\ 7o)
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Outline of Optimality Analysis I

7: \ T; satisfies the bulk criterion for 6 < 6y by (c). This implies
M| < |Te\ Tl

with the optimal set M7 of marked cells in AFEM. The utilized set
M, of marked cells is almost minimal: 30 < Agpe < 00Vl € Ny,

|M€| < /\0pt|Mz| < AOpt|7z \ 7}|
Recall M := suppep, (1 + N)*minycryy 7(7) and from (b) deduce

~ M 1/s B
T\ Til < (m> ~ Mo, e
{4

Recall closure overhead control and combine with aforementioned
estimates for

/—1 /—1
‘72‘ B ‘76’ < CBDVZ ’MJ‘ S Ml/sznj—l/s 5 Ml/sne—l/s 0
Jj=0 j=0
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Proof of (A3)
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Proof of (A3)

Theorem (Discrete reliability) — 0%(T,7) < As(12(R) + ahgii?)

Proof. Recall general notation 7',7A' eT(T), Q= Qr, Q= Q7. etc.
Step 1. Minor generalization of [C-Gallistl-Schedensack SINUM 13]
provides vip € CR01(7A') with veg = IncvEg and |ver — virline S n(R)
for R:=={KeT:3T eT\T,dist(K, T) =0}

A

Step 2. Algebra with (R) and (R) leads to

52(T= 7A_) = anc(ver — VRrs VErR — VeR)

+ (f — aQvcr, Q(Vcr — ver) + Q(ver — IncVer)) 12(a)

+ anc(tc, vér) + a(Qver — QVcr, Quer — @VéR)[}(Q)
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Proof of (A3)

Step 3. anc(vcr, uc) S n(R)[ldc — ucl|
The proof utilizes Scott-Zhang quasi-interpolation, piecewise integration
by parts and trace inequality

A

Step 4. with (R) and (R), error estimates of the non-conforming
interpolation /yc and Step 3 imply ||uc — uc|| S 0 +n(R)

Step 5. anc(@c. vig) < (R)(G +n(R)) _
The proof combines properties of @ and @, the nonconforming
interpolation /yc and triangle inequalities with the steps 3 and 4
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Proof of (A3)

Step 6 utilizes orthogonalities, involves v of Step 1 and proves

a((Q — Q)Ver, (Q — Q)vcr)i2(e)

— a((@ _ Q)VCRv ((3 — Q)(VCR = VCR))B(Q) + aH(@ - Q)‘//\CRH%?(Q)
<a(l+ Cm)(Q - Q)VerllF2 (0

+ CAh7H(Q — Q) (Ver — ver)lfz2(q)/4

< Ver — verllne /4 + a(1 + Caphg) Caphillver e

Step 7. The combination with §2(7, 7A') in Step 2 conclude the proof. [
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Numerical Examples
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L-Shaped Domain with Adaptive Refinement by n

Q=(-1,1)2\[0,1)2, ulpa=0, f=1, 6=03
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L-Shaped Domain with Adaptive Refinement by n

Q=(-1,12\[0,1)?, ulpn=0, f=1, 6=03

1h .

0.5 - N

—05 | -

| | |
-1 —0.5 0 0.5 1

triangulation for £ =7
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Conclusion
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Conclusion

Convergence of natural adaptive dPG FEM possibly not understood
Optimal rates are observed but not at all justified theoretically
Reduction of mixed system for dPG methods

Alternative refinement indicators lead to optimal convergence rates
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